We examine three versions of non-relativistic electrodynamics, known as the electric and magnetic limit theories of Maxwell's equations and Galilean electrodynamics (GED) which is the off-shell non-relativistic limit of Maxwell plus a free scalar field. For each of these three cases we study the couplings to non-relativistic dynamical charged matter (point particles and charged complex scalars). The GED theory contains besides the electric and magnetic potentials a so-called mass potential making the mass parameter a local function. The electric and magnetic limit theories can be coupled to twistless torsional Newton-Cartan geometry while GED can be coupled to an arbitrary torsional Newton-Cartan background. The global symmetries of the electric and magnetic limit theories on flat space consist in any dimension of the infinite dimensional Galilean conformal algebra and a U (1) current algebra. For the on-shell GED theory this symmetry is reduced but still infinite dimensional, while off-shell only the Galilei algebra plus two dilatations remain. Hence one can scale time and space independently, allowing Lifshitz scale symmetries for any value of the critical exponent z.
Introduction
Maxwell's theory of electromagnetism is one of the cornerstones of modern physics being the first theory that incorporates Lorentz invariance, thus playing a crucial role in the development of special relativity. Nevertheless there are reasons why it is interesting to study non-relativistic limits of the theory, as first considered in the pioneering paper by Le Bellac and Lévy-Leblond [1] . As is often the case in physics, by considering limits one may learn more about properties of the theory and in particular in the case of electromagnetism it may teach us which electromagnetic effects are truly relativistic and which ones are not. Moreover, it is interesting to see whether and how precisely one can define a consistent limit of electromagnetism, including Maxwell's field equations and the Lorentz force, and how the corresponding fields transform under Galilean symmetries. More generally, these theories are non-trivial examples of non-relativistic dynamical theories and from a certain point of view the natural theories to which one may wish to couple charged non-relativistic matter.
In fact, as also emphasized in [1] , one may wonder what type of electromagnetism a post-Newtonian but pre-Maxwellian physicist would have written down guided by Galilean invariance. For instance, when one gives up Lorentz symmetry there is going to be a different interplay between symmetries and the continuity equation of charge and current. One may also ask what symmetry structures non-relativistic theories of electromagnetism exhibit and how one can couple these theories to charged point particles and other types of charged matter. Finally, a natural question to ask is how non-relativistic electrodynamics can be covariantly coupled to an appropriate background geometry.
In this paper we will in part revisit these questions and also address a number of new ones, which are especially intriguing in view of the renewed interest in Newton-Cartan (NC) geometry as the non-relativistic background geometry to which one can covariantly couple nonrelativistic field theories. 1 In particular, focussing first on flat backgrounds, we will present new angles on the various non-relativistic limits considered in the literature, find novel effects and phenomena when coupling non-relativistic electromagnetism to charged particles and matter fields and uncover new extended symmetries of the theories.
Moreover, we will show how one can couple non-relativistic electrodynamics to the most general torsional Newton-Cartan (TNC) geometry [3, 4, 5] or, as turns out to be relevant in some cases, twistless torsional Newton-Cartan (TTNC) geometry. This is also interesting in light of our recent work [14] in which (linearized) TNC geometry is shown to arise by applying the Noether procedure for gauging space-time symmetries to theories with Galilean symmetries, including both massless and massive realizations. This analysis shows that even in the massless case it is necessary to introduce the Newton-Cartan one-form M µ , which couples to a topological current in that case, while for the massive case it couples to the conserved mass current. Non-relativistic electrodynamics (in particular Galilean electrodynamics, see below) is a prominent example of a massless non-relativistic theory. The coupling of nonrelativistic electrodynamics to TNC geometry derived in this paper provides a nice check with the general linearized results obtained in [14] with the Noether method, including the particular form of the topological current.
Besides the above-mentioned motivations, there are a number of further reasons for our study originating from holography, field theory and gravity. TNC geometry was first observed [3, 4, 5] as the boundary geometry in holography for Lifshitz space-times in the bulk (see [15] for a review on Lifshitz holography), characterized by anisotropic scaling between time and space. If one wishes to consider these systems at finite charge density, e.g. by adding a bulk Maxwell field, one might expect non-relativistic electromagnetic potentials on a TNC geometry to appear as background sources in the boundary theory.
Furthermore, it was shown in [16] that dynamical NC geometry correspond to the known versions of (non)-projectable Hořava-Lifshitz (HL) gravity. For these dynamical non-relativistic gravity theories it is interesting in its own right to examine how they couple to non-relativistic electrodynamics, being the non-relativistic analog of Einstein-Maxwell theory. This will be moreover relevant for using HL-type gravity theories as bulk theories in holography [17, 18] . In line with this, it was recently shown that three-dimensional HL gravity theories can be written as Chern-Simons gauge theories on various non-relativistic algebras, including a novel version of non-projectable conformal Hořava-Lifshitz gravity, also referred to as Chern-Simons Schrödinger gravity [19] . These theories are again interesting in holography but also as effective field theories for condensed matter systems, and one may wonder whether there are likewise Chern-Simons versions of non-relativistic electromagnetism.
As a final motivation we note that NC geometry and gravity can be made compatible with supersymmetry [20, 21, 22, 23, 24] , and thus can provide tools to construct non-relativistic 1 There is a growing literature on this in the last three years. Early papers include [2] which introduced NC geometry to field theory analyses of problems with strongly correlated electrons, such as the fractional quantum Hall effect. The novel extension with torsion was first observed as the background boundary geometry in holography for z = 2 Lifshitz geometries [3, 4] and a large class of models with arbitrary z [5] . Further field theory analysis can be found in [6, 7, 8, 9] . Some of the later works that are relevant in the context of the present paper, dealing with aspects of the coupling to non-relativistic electrodynamics, are [10, 7, 11, 12, 13] .
supersymmetric field theories on curved backgrounds, following the relativistic case [25] potentially allowing to employ powerful localization techniques to compute certain observables [26] . A particularly interesting case here could be a quantum mechanically consistent supersymmetric version of non-relativistic electromagnetism, for which our results could provide useful input.
An outline and main results of the paper is as follows. We start in Section 2 by reviewing three Galilean invariant non-relativistic theories of electromagnetism in the absence of sources. These include the electric theory and magnetic theory of [1] as well as a larger theory [27] 2 , which we call Galilean Electromagnetism, and which includes the former two. For GED it is possible to find an off-shell formulation, which is not the case for the electric and magnetic theory. Obtaining GED from a non-relativistic limit requires to add a scalar field to Maxwellian electromagnetism before taking the limit, as described in [13] . 3 The non-relativistic limits from which these three theories are obtained are discussed, while we also show how to obtain GED via a null reduction of the Maxwell action in one dimension higher. 4 We then turn in Section 3 to the coupling of charged massive point particles in the three different limits of electromagnetism. Depending on the case, there are a number of interesting features, in terms of the backreaction of the particle on the non-relativistic electromagnetic fields and the dynamics (forces) that a charged massive particle experiences in a given background. In particular, we will see that for the case of GED the particles act as a source for all gauge invariant fields, and that the force term includes electric and magnetic components but also a novel contribution. The interpretation of this is that one of the three GED fields describes a mass potential, which thus supplements the electric and magnetic fields of the theory. We will also show that the minimal coupling of GED to point particles can be obtained by null reduction of the charged point particle in Maxwell theory. Section 4 treats the electric, magnetic and GED limits for scalar electrodynamics, and we will observe a number of parallels with the results for charged point particles.
In Section 5 we study the symmetries of the three limit theories, by determining the most general set of (linear) transformations of the fields that leave the theories invariant. The main result is that the on-shell electric and magnetic theory have a very large invariance group containing (in any dimension) both the infinite Galilean conformal algebra and a U (1) current algebra as subgroups. Our results are consistent with the results in [34] for these two theories 5 , but we find a larger symmetry algebra, as this paper did not consider the most general ansatz. We also show that the on-shell GED theory has a smaller set of symmetries, though still infinite dimensional. Furthermore, we show that in the specific case of 3 + 1 dimensions the finite Galilean conformal algebra is a symmetry. Finally the off-shell GED theory has only the Galilean algebra extended with two dilatations as its invariance group. The two dilatations originate from the fact that we can independently rescale time and space, and as a consequence we conclude that the GED action has Lifshitz scale invariance for any 2 See also Refs. [28, 29] . 3 See also [30] in which non-relativistic limits are revisited. 4 For some early work on null reductions see e.g. [31, 32] and the connection between null reduction and GED was also discussed in [33] . 5 Symmetries of non-relativistic electrodynamics were also studied from the Newton-Cartan point of view in [35] .
value of z. The general covariant coupling of the three theories to arbitrary curved non-relativistic spacetime backgrounds, i.e. TNC geometry is presented in Section 6. After giving a brief review of TNC geometry, we first treat the GED case which is the simplest case, as it admits a Lagrangian description. We also show that the resulting action can also be obtained by a null reduction from Maxwellian electromagnetism coupled to a Lorentzian metric. The linearized version of the GED action coupled to TNC geometry agrees with the one obtained in [14] via the Noether procedure. We then give the covariant form of the equations of motion for the magnetic and electric theories, and in both cases it is found that the spacetime background should be restricted to twistless torsional Newton-Cartan (TTNC) geometry. We conclude the section by constructing a covariant minimal coupling to charged scalar fields, which can be obtained as well from null reduction of scalar QED in one dimension higher coupled to a Lorentzian metric, and generalize this to non-minimal couplings. We end the paper in Section 7 with some interesting open problems.
Non-relativistic limits of Maxwell's equations
In this section we will discuss how to obtain Galilean invariant theories by taking a nonrelativistic limit of electromagnetism. Following the seminal work [1] there are two such limits usually referred to as the "electric" limit and the "magnetic" limit. We will review how these limits arise and show how they can both be embedded in a larger theory [27] which we will refer to as Galilean Electromagnetism (GED). For simplicity in this section we will work in the absence of sources which will be added later.
Consider a U (1) gauge field A µ in Minkowski space-time with Cartesian coordinates (t, x i ). The gauge transformations are given by
while the equations of motion ∂ µ F µν = 0 read explicitly:
Here c is the speed of light and
There exist two non-relativistic limits known as the electric and magnetic limits, depending on whether the vector potential A µ is timelike or spacelike, respectively. The "electric" limit of these equations can be obtained as follows
where f ij = ∂ i a j − ∂ j a i is the magnetic field. The contraction of the relativistic gauge transformations leads to δ λ ϕ = 0 and δ λ a i = ∂ i λ so that the scalar ϕ is invariant. The equations (2.3) respect a symmetry under Galilean boosts x ′i = x i + v i t, t ′ = t acting on the the fields ϕ and a i as
This follows from first performing a Lorentz boost on A µ and then taking the c → ∞ limit.
The "magnetic" limit can be similarly defined by setting (magnetic limit)
(2.4) In this case the equations of motion (2.3) reduce to
whereẼ i = −∂ iφ − ∂ t a i is the electric field. Gauge transformations act as δ λφ = −∂ t λ and δ λ a i = ∂ i λ so that the electric field is invariant. In this limit the potentialsφ and a i transform under Galilean boosts asφ
In 3+1 dimensions the electric and magnetic limits are related by electric/magnetic duality [12] .
Finally we can define a third limit that has the advantage of allowing an off-shell description. Consider the Maxwell action for A µ with an additional free real scalar field χ ,
The limit is given by
(2.8) By substitution in (2.7) we obtain the action for Galilean electrodynamics (GED)
This action was first introduced in [27] and the limit from which it arises is described in [13] . Under gauge transformations the fields transform as
The action (2.9) is invariant under Galilean boosts acting on the fields as
The equations of motion are given by (2.3) together with an additional equation of motion obtained by varying ϕ which reads
At this point it could be argued that the action (2.9) provides an off-shell formulation of the electric limit because its equations of motion comprise (2.3) and (2.11) does not further constrain a i nor ϕ and can be used to solve forφ. There are however a number of reasons why these should be considered as separate theories.
• In section 5 we will show that the symmetries of (2.3) comprise a larger set of transformations than the symmetries that preserve the GED equations of motion.
• As will see in the next section the two theories couple to sources with distinct properties.
• In sections 6.2 we will show that the two theories couple differently to curved space.
The magnetic limit (2.5) arises from the equations of motion of GED by noticing that it is consistent to set ϕ = 0 in (2.3) and (2.11). We are not aware of an action for the magnetic limit fieldsφ and a i (and potentially other fields) whose equations of motion lead to (2.5).
GED from null reduction
Another way to obtain the GED action is by performing a null reduction of the Maxwell action in one higher dimension. Indeed consider the d + 2 dimensional Maxwell action
where η AB dX A dX B = 2dtdu + dx i dx i . We can now set A u = ϕ, A t = −φ and A i = a i and impose that all the fields are independent of the u coordinate to obtain the GED action (2.9). We will generalize this null reduction to the case of a curved background in section 6.1. The three limits discussed here can be expressed in terms of three different gauge invariant quantities: the electric fieldẼ i , the magnetic field f ij and the scalar ϕ. We will show that ϕ should not be interpreted as an electric potential. Instead we will refer to ϕ as a mass potential for reasons that will become clear in the next section as well as in section 6.3.
Coupling to point particles
Here we will consider how to couple the different limits of electromagnetism we discussed in the last section to charged massive particles. As c → ∞ the particles are slowly moving (nonrelativistic). We will see that in the electric limit the point charges experience only electric forces but act as a source both for the electric and magnetic fields. In the magnetic limit the Lorentz force is also Galilean invariant but the charged particles do not backreact on the magnetic fields. Finally for GED the particles act as a source for all gauge invariant fields. In this case the forces acting on the charged particles are both of electric and magnetic form but also of a novel kind for which we will put forward an interpretation.
The Lagrangian density for a relativistic point particle of mass m and charge q minimally coupled to the Maxwell gauge potential is given by
where X(t) is the position of the particle at time t. We can add (3.1) to the lagrangian for the gauge fields given by (2.7) (excluding the uncoupled scalar field χ). This results in the following equations of motion for the gauge fields and X(t),
In the electric limit these equations reduce to:
Hence the charged particle sources both the magnetic field f ij and electrostatic potential ϕ but is not acted upon by the magnetic field. This is consistent with the analysis presented in [1] where it was found that slowly moving charges generate fields of the electric kind and that in this limit it is only possible to describe electric forces (whence the name).
In the magnetic limit we obtain instead:
In this case the particle is acted upon by both electric and magnetic forces but does not source the magnetic field which can be considered as an external background. Because the particle is slowly moving this procedure does not give rise to the most general source terms that can be consistently coupled to the electromagnetic fields in the magnetic limit. Indeed according to [1] it is possible to introduce a charge density ρ(x) and a current J i (x) whose divergence vanishes ∂ i J i = 0 and is not related to charge transport (so that there is no continuity equation relating ρ and J i ). These can then act as sources for the electric and magnetic fields
In order to ensure invariance under Galilean boosts the sources 6 have to transform as J ′ = J and ρ ′ = ρ + v i J i . As a consequence the only force term involving these sources that stays the same in different inertial reference frames is of magnetic type
Next we will couple charged particles to GED. We will consider the Lagrangian (2.7) for the Maxwell gauge fields coupled to the scalar χ and add to it the Lagrangian density for the point particle (3.1). In order to obtain a finite non-relativistic limit we will also introduce a coupling between χ and the point particle whose form is reminiscent of the dilaton coupling to a D-brane Nambu-Goto action,
We can then take the limit c → ∞ keepingq = q/c constant while the Maxwell fields and χ scale as in (2.8). As a result the GED fields described by (2.9) couple to the point charge according to
Hence the equations of motion for the GED fields (2.3) and (2.11) are modified to: 9) while the equation of motion for the point particle is given by
It can be checked that these equations of motion are invariant under Galilean boosts acting on the GED fields according to (2.10). We see thatẼ i acts on the point particle as an electric field and f ij as a magnetic field. The field ϕ couples to the time component of the mass current of the point particle, it effectively changes m to a local function m −qϕ. We will refer to ϕ as the mass potential. The term ∂ 2 t ϕ in equation (3.9) has no counterpart in electrodynamics and we cannot remove it by setting ϕ = 0 consistently. Hence GED coupled to point particles is markedly different from what we obtained either for the electric or magnetic limit in equations (3.3) and (3.4). Nevertheless GED also arises from the non-relativistic limit of a relativistic theory albeit one that contains a real scalar field in addition to the gauge fields. Note that because ϕ(x) is boost and gauge invariant there are many non-minimal couplings in addition to those appearing in (3.6). For instance we could add a further term linear in the GED fields
Because we have taken a limit where the speed of light is infinite the GED fields propagate instantaneously. It is therefore easy to determine their values at a given time knowing the distribution of charges (and its time derivatives) at the same time. These fields can then be substituted back in (3.6) resulting in the following Lagrangian for a collection of point charges q i with masses m i
Here (v i − v j ) is the relative speed between two particles and r ij is their separation. This is similar in spirit to Darwin's Lagrangian [36] describing interactions among pointlike charges in electrodynamics up to order c −2 in a large c expansion 7 . However (3.12) does not involve any approximation. Note that the strength of the Coulomb interaction is set by the arbitrary parameter γ appearing in (3.11) . This is possible because the Coulomb interaction is Galilean invariant by itself. In Darwin's Lagrangian instead the Coulomb term is related to other terms of order 
Minimal coupling from null reduction
Another way of obtaining the minimal coupling of GED to point particles is by null reduction of Maxwell's theory coupled to a point particle in one dimension higher. At the end of the previous section we already showed that the GED action can be obtained by null reduction of Maxwell's theory. Here we will show that the point particle action obtained from (3.6) can be obtained by the null reduction of the action of a massless charged relativistic particle on Minkowski space-time i.e.
Let us take for η AB dX A dX B = 2dtdu + dX i dX i so that we find
where we wrote A u = ϕ, A t = −φ and A i = a i . We will set the momentum conjugate tou equal to a constant m:
from which we can solve for e and substitute into the action to obtain
This action has worldline reparametrization invariance δλ = ξ(λ), δX µ = ξẊ µ . We can gauge fix this symmetry by settingṫ = 1 so that worldline time and coordinate time are the same; this choice reproduces (3.6).
Non-relativistic limits of scalar Electrodynamics
In this section we will consider the electric, magnetic and GED limits for scalar electrodynamics drawing parallels with the results of the previous section. The starting point is a massive charged complex scalar minimally coupled to U (1) gauge fields
giving rise together with (2.7) to the following equations of motion
7 A more apt parallel should perhaps be drawn with Weber's electrodynamics which is also manifestly Galilean invariant.
In order to analyse their various limits we need to specify how to scale the complex scalar fields as c → ∞. We will define a field ψ(x, t) so that
This allows to take a finite limit of the equations of motion for φ(x, t) where the classical mass m and ψ(x, t) are kept fixed as c → ∞. In conjunction with the Electric limit scaling for the gauge fields (2.
3) the equations of motion (4.2) become
Note that in the electric limit the Schrödinger field ψ(t, x) is inert under gauge transformations. The last equation of motion is the Schrödinger equation coupled to the electrostatic potential ϕ. The magnetic fields do not appear in the equation of motion for ψ but this field acts as a source for both the electrostatic potential and the magnetic fields. This is indeed consistent with what we found for pointlike charged particles in the electric limit (3.3).
As for the magnetic limit described in (2.5) it results in
In this case the Schrödinger field varies under gauge transformations and its equation of motion involves couplings to both electric and magnetic fields. However ψ(t, x) sources only electric fields. This is consistent with the point particle case (3.4) as expected. Indeed it was recognized in [37] that the Schrödinger field cannot be coupled to either the electric limit or the magnetic limit of the Maxwell equations in such a way that 8
• The resulting model is Galilean invariant,
• The field ψ sources both electric and magnetic fields,
• Both magnetic and electric couplings to ψ are present.
Next we will move to the coupling to GED. In analogy with the case of point-particles described in the previous section, before taking any limit, we will add to scalar electrodynamics a coupling to the scalar field χ appearing in (2.7)
By
Also in this case as for the case of point-particles the GED field ϕ(x) plays the role of an effective mass. We are allowed to add non-minimal interactions to (4.7). For instance, in analogy with (3.11) we can consider a coupling proportional to ϕψψ ⋆ .
Symmetries
Here we identify what symmetries are present in the various limits discussed in section 2. We will first compute the invariance group of the electric and magnetic limit, i.e. equations (2.3) and (2.5). Then we will work out the invariance group of the on-shell GED theory, i.e. the equations of motion of (2.9) which are (2.3) and (2.11). Finally we will check which of these on-shell symmetries are symmetries of the action (2.9). We will always assume that d > 1.
The main results are that the on-shell electric and magnetic theory have a very large invariance group that in any dimension contains both the infinite Galilean conformal algebra and a U (1) current algebra as subgroups. The infinite dimensionality comes from the fact that the equations of motion are time reparametrization invariant and from the fact that we can perform time dependent translations as well as time dependent spatial dilatations. The GED theory on-shell has a smaller set of symmetries that is still infinite dimensional due to the freedom to perform time-dependent translations. Here we see that 3 + 1 dimensions is special in that this is the only dimension in which the finite Galilean conformal algebra is a symmetry of on-shell GED. Finally the off-shell GED theory has only the Galilean algebra extended with two dilatations as its invariance group. The two dilatations originate from the fact that we can independently rescale time and space. Another way of saying this is that the GED Lagrangian has Lifshitz scale invariance for any value of z.
In order to find the most general set of transformations that leave the various theories we described in section 2 invariant we start by writing down the most general set of linear transformations of all the fields
2)
where ξ t , ξ k , α 1 , etc. are all functions of t, x i . These transformations are written with the understanding that in the case of the electric limit we do not transform any field intoφ and likewise in the magnetic limit we do not transform the fields into ϕ.
Electric limit
Demanding invariance of the first equation in (2.3), i.e. that ∂ i ∂ i δϕ = 0 upon use of the equation of motion, leads to the following conditions
where Ω is a function of t and x i . Using these results we find after performing the same analysis for the second equation (2.3) the following conditions
where γ and λ i j = −λ j i are constants. There are two arbitrary scalar functions of time, namely ξ t and Ω and there is one vector ζ i whose time dependence is arbitrary. These correspond to time reparametrization invariance (ξ t ), time dependent spatial dilatations (Ω) and time dependent spatial translations (ζ i ). The fact that one cannot have time dependent rotations was also observed in [34] . The symmetries of the electric limit thus constitute a very large group that acts on ϕ and a i as
where ξ i is given by the expression appearing in (5.5).
Magnetic limit
If we perform a similar analysis in the case of the magnetic limit we ask for the invariance group of the equations (2.5). We start with the first of these two equations and demand that we find zero when transformingφ and a i as in (5.2) and (5.3) (with no terms going into ϕ).
The transformation of the equation of motion leads to terms that involve two, one and zero derivatives onφ and a i . At each order in derivatives we should demand invariance. Doing this first at 2nd order in derivatives up to the use of the equations (2.5) and then at first order etc we find
whereγ is a constant. Using these results and repeating the procedure for the invariance of the second equation of (2.5) we obtain the extra condition
From all of the above we derive that Ω = Ω(t) and that ξ µ takes the same general form as in the case of the electric limit, namely ξ t = ξ t (t) and ξ i = ζ i (t) + λ i j x j + Ω(t)x i . The difference between the two cases lies in the way in which the fields transform into each other. For the magnetic limit theory the symmetries are
Symmetry generators
The generator ξ can be written as
where we defined Ω = ∂ t ξ t +Ω .
If we take t to be a complex variable we can perform a Laurent expansion of the functions ξ t , ζ i andΩ as follows 13) this gives rise to the following set of generators
where n ∈ Z. These generators satisfy the algebra span the infinite dimensional Galilean conformal algebra observed in [39] (see also [40] ). It was shown in [34] that this is a symmetry of the electric and magnetic theory for d = 3. Here we see that this algebra exists for any dimension. Further the actual symmetry algebra of the equations of motion of the electric and magnetic limit is larger than the one of [34] because it includes the U (1) current algebra spanned by the K (n) generators. The action of the L (n) , M (n) i and K (n) on the fields appearing in the electric and magnetic limits can be inferred from (5.6) and (5.9). In both cases there is also an additional symmetry corresponding to an overall rescaling of all the fields whose parameters are γ andγ. The subalgebra of L (n) and K (n) is the same infinite dimensional algebra observed in the context of warped CFTs [41, 42] . Here we did not study any possible central charges.
On-and off-shell GED
We will now add the equation of motion (2.11) and demand it is invariant under (5.6). This leads to severe constraints on the scalars ξ t and Ω. The transformations leaving the equations of motion of the action (2.9) invariant are 18) where ξ t and ξ i are given by
and whereΩ is defined in (5.11) and given byΩ = µ − λ + (d − 3)ct. With the exception of α 3 (t) and ζ i (t) all parameters are constants. The parameters λ and µ are two independent scaling parameters corresponding to the fact that we can scale time and space independently accompanied by appropriate rescalings of the fields. The parameter γ corresponds to a rescaling of all the fields that follows from the fact that the equations of motion are linear in the fields. The algebra is infinite dimensional because of the time dependent translations ζ i (t). The generators of this infinite dimensional algebra are
The nonzero commutators are given by
The parameter c corresponds for d = 3 to a special conformal transformation. In fact transformations for which µ = λ and d = 3 so thatΩ = 0 contain the finite dimensional Galilean conformal algebra consisting of the generators H,
i . Finally we will determine which of these on-shell symmetries leave the GED action invariant. Invariance of (2.9) is obtained if the Lagrangian density obeys δL = ∂ µ (ξ µ L). This leads to the following restrictions
Hence the off-shell symmetries of GED are
where ξ t and ξ i are given by
The translational and rotational symmetries are obvious. The Galilean invariance has already been discussed in section 2. The finite version of the scale symmetries are
Note that the scaling weight of a i gets a contribution from the a k ∂ i ξ k term in (5.18). These symmetries form a Lie algebra consisting of the Galilei algebra and two dilatations generators. The generators of the symmetries of the action are
The first line gives the Galilean algebra and the second line are the two dilatation generators.
The nonzero commutators of D 1 and D 2 with the Galilean algebra are
while D 1 and D 2 commute with each other. The off-shell GED theory is an example of a Galilean field theory that has a Lifshitz scale invariance for any value of z. This is a very attractive property because it means that we can couple GED to all matter theories with any critical exponent z without breaking the scale symmetry of the matter theory.
We thus see that the off-shell theory has fewer symmetries than the on-shell theory. In particular GED ceases to be conformal for d = 3 off-shell. This is different from Maxwell's theory in 3 + 1 dimensions. This can be understood from the fact the GED Lagrangian is the contraction of Maxwell coupled to a free scalar with a shift symmetry (see Section 2). It is well-known that free scalars with a shift symmetry are off-shell scale invariant theories that are not conformally invariant. This is because the total derivative term that one would have to add to the Lagrangian to improve the energy-momentum tensor to one that is traceless breaks the shift symmetry.
Coupling to TNC geometry
We will study the coupling of the three different limit theories discussed in section 2 to an arbitrary curved background described by torsional Newton-Cartan geometry (TNC). We will start with the coupling of the GED limit to TNC curved space. This case is simpler because it admits a Lagrangian description. We will then consider the electric and magnetic limits and conclude that in order to have local equations of motion the space-time geometry needs to be restricted. In particular the geometry will be twistless torsional Newton-Cartan (TTNC) whose definition we will review.
Summary of TNC geometry
Here we briefly review TNC geometry and our conventions following [5, 8, 43, 9, 16 ] (see also [44] for further details of TNC connections).
A The
is surface orthogonal the geometry is referred to as Twistless TNC and h µν is a Riemannian metric on the surfaces orthogonal to τ µ .
Besides transforming under diffeomorphisms as usual, the one forms τ µ , e a µ and M µ transform under various local transformations: Galilean boosts with λ a as local parameter, local SO(d) rotations parametrized by λ ab = −λ ba and U (1) σ gauge transformations parametrized by σ,
The inverse vielbein e µ a and h µν are invariant under local Galilean transformations. It is useful to define other objects with this propertyv µ ,ê a µ ,ĥ µν andΦ 9 viâ
These objects satisfy the relations:
GED on a TNC background
We introduce the U (1) gauge fieldĀ µ and the scalar field ϕ which transform as follows under local Galilean boosts δĀ µ = ϕ e a µ λ a , δϕ = 0 , (6.5)
Under local U (1) σ transformations and SO(d) rotationsĀ µ and ϕ are both invariant. The gauge fieldĀ µ has the usual gauge redundancy:
We can writeĀ µ = a µ −φτ µ where v µ a µ = 0. We find that a µ and ϕ transform as follows under local Galilean boosts and gauge transformations:
In the flat limit of the TNC geometry we have
t and e a µ = δ a µ . The flat space GED fields are given by a i = a µ e µ i ,φ, and ϕ. Indeed these fields transform as in (2.10) under infinitesimal Galilean boosts parametrized by constant λ a .
We will define the following field strength forĀ μ
We can then write down an action for GED coupled to an arbitrary TNC background as follows
9Φ is related to the Newtonian potential [43, 9] .
In this form the action is manifestly invariant under diffeomorphisms and U (1) σ transformations. It is also invariant under local Galilean boosts and rotations. Alternatively we can forgo manifest U (1) σ invariance and rewrite the action in terms of Galilean invariant objects. Indeed we can define a new gauge potential
which is inert under local Galilean boosts and transforms under U (1) σ as δA µ = −ϕ∂ µ σ. In terms of A µ the action (6.7) is given by
where
By varying the GED action (6.8) we obtain the equations of motion
whereF µν andG µ are defined as
10)
Note thatF µν is invariant under both U (1) Λ and U (1) σ transformations whileG µ is U (1) Λ invariant but transforms under U (1) σ as δ σG µ =F µν ∂ ν σ. Hence the equation of motion ∂ µ eG µ = 0 is U (1) σ invariant by virtue of the other equation of motion ∂ µ eF µν = 0. We remark that the linearized version of the GED action coupled to TNC was also obtained in [14] via the Noether procedure. This paper also shows that in theories with massless Galilean symmetries, of which GED is an example, the TNC vector M µ couples to a topological current. We refer the reader to this paper for the explicit form of this topological current for GED, along with the other (improved) currents.
Null reduction of Maxwellian electromagnetism
The GED action on TNC geometry can also be obtained by null reduction of Maxwellian electromagnetism in one dimension higher. Consider the Maxwell action coupled to a background Lorentzian metric γ AB , 12) where F = dA. We can now restrict the background metric to possess a null isometry, which in suitably chosen coordinates is generated by ∂ u
This form of the metric is preserved by the following changes of coordinates:
• x ′µ = x ′µ (x) identified with diffeomorphisms in the lower dimensional TNC geometry.
• u ′ = u + σ(x) that give rise to U (1) σ transformations.
The Galilean invariant objects of section 6 correspond to the components of γ AB as in (6.14) . We want to reduce (6.12) along the null isometry. For this we will restrict the gauge field A M and the U (1) gauge parameter Λ to be invariant along ∂ u . We can then use A M = (A u , A µ ) to define two lower dimensional fields. The first one ϕ ≡ A u is a gauge invariant scalar. The second oneĀ µ ≡ A µ + ϕM µ is a lower dimensional gauge field that is invariant under U (1) σ transformations. This procedure leads directly to the action (6.8) for GED coupled to a TNC background.
The magnetic and electric theory on a TTNC background
We can obtain the equations of motion for the magnetic theory by solving for ϕ in the GED equations of motion (6.10) . In parallel to flat space we can consider
(6.15) In general solving this equation for ϕ and substituting back into the remaining equations of motion would not result in local expressions. However if τ ∧ dτ = 0 the right hand side of the equation above vanishes and ϕ = 0 is a solution. The equations of motion for the magnetic theory on a TTNC background can then be written as:
Because of (6.5) and the fact that ϕ = 0 it follows thatĀ µ is now inert under local Galilean boosts.
Turning to the electric theory, we can use the second GED equation (6.10) to solve forφ. In parallel with what happens in flat space the first equation in (6.10) would then describe the electric theory coupled to curved space. This in general will result in nonlocal equations for the electric fields. However note that defining A el µ = A µ + τ µφ = a µ − ϕM µ we can write
When the geometry is twistless the term proportional toφ in the above equation vanishes. As a consequence on a twistless backgroundφ does not appear in the GED equation of motion ∂ µ eF µν = 0. We conclude that on a TTNC background the equations of motion for the electric fields a µ and ϕ are still local after solving forφ and are given by:
For instance contracting ∂ µ eF µν el = 0 with τ ν we find 20) which is the TTNC generalization of the first equation in (2.3). The field ϕ is inert under local Galilean boosts, gauge transformations and U (1) σ transformations. The field a µ , which satisfies v µ a µ = 0 is also invariant under U (1) σ but transforms under Galilean boosts and gauge transformations as follows:
Coupling to charged matter
The GED action (6.7) or (6.8) has a local U (1) Λ × U (1) σ symmetry. We will first construct a minimal coupling to charged scalar fields that respects this symmetry and then we will generalize it by inclusion of non-minimal couplings. We will obtain the minimal coupling as the null reduction of scalar QED in one dimension higher. The (d + 2)-dimensional theory is
where D A ψ = ∂ A ψ − iqA A ψ and q is the electric charge. The metric has the same form as in (6.13). Writing ψ = e imu φ with φ independent of u and reducing along u we obtain:
Here D µ = ∂ µ − ieA µ . The scalar field φ is inert under local Galilean boosts but transforms under U (1) Λ and U (1) σ as δφ = i(qΛ − mσ)φ. The invariance of the action under boosts is explicit; in order to make the U (1) σ invariance manifest we can rewrite the action as
The equations of motion for the gauge fields are given by:
They can be shown to be invariant under U (1) σ using δ σρ = J µ ∂ µ σ. The equation of motion for the scalar field φ reads
it can be used to check that ∂ µ (eJ µ ) = 0 as required by the first equation in (6.25). Next we will consider the electric theory coupled to matter in curved space. In the electric limit the scalar φ does not transform under U (1) Λ . The equations of motion in flat space (4.4) are extended to a TTNC spacetime as
The magnetic theory in flat space can be coupled to sources as in (3.5) . In a curved TTNC background the sources modify (6.16) as follows:
Here the current J µ satisfies τ µ J µ = 0 and is conserved ∂ µ (eJ µ ) = 0. Under U (1) σ both ρ and J µ are invariant while under local Galilean boosts we have δJ µ = 0 and δρ = J ν e a ν λ a . As in flat space a charged scalar field gives rise to source terms for the magnetic theory that are not of the most general form: J µ = 0 and ρ = −qφφ ⋆ . The equation of motion of the charged scalar reads
This equation of motion can be obtained from the action 32) where
If the gauge potential of the magnetic theoryĀ µ is a fixed background field then this action is Galilean invariant in a general TNC geometry and the restriction to TTNC which was required for (6.30) to make sense is no longer needed. In this case the action (6.32) agrees with the one presented in [7] whereĀ µ is absorbed into M µ . However in general this is not possible. If we consider several copies of φ, say φ 1 and φ 2 with charges and masses (q 1 , m 1 ) and (q 2 , m 2 ) respectively and such that q 1 /m 1 = q 2 /m 2 the couplings toĀ µ and M µ are no longer proportional and we cannot absorbĀ µ into M µ . For completeness we also consider the Lagrangian for a charged point particle coupled to GED (3.16) which can be extended to a curved TNC background:
whereĥ µν is defined in section 6 and dots denote derivatives with respect to λ. The Galilean boost invariance is manifest. To see the invariance under U (1) σ it is useful to go fromh µν to h µν . This action is the generalization to the charged case of the action given in [45, 46, 9] .
Non minimal couplings
An interesting example of a non-minimal model is obtained by the null reduction of the following (Pauli coupling) relativistic action
where g is a coupling constant. After null reduction we obtain
We can also generalize the higher dimensional model by adding a potential term − √ −γV (ψψ ⋆ ) which reduces to −eV (φφ ⋆ ).
Outlook
We conclude by mentioning a number of interesting directions for further work.
First of all, we recall the directions mentioned in the introduction as motivations for the present work which will be worthwhile to study given our results. These include examining the appearance of non-relativistic electrodynamic fields as background sources in Lifshitz holography with extra bulk Maxwell fields, e.g. by adding a Maxwell field to the EPD model of [3, 4, 5] . Another application is to consider dynamical (T)TNC gravity [16, 19] coupled to GED as a holographic bulk gravity theory. Furthermore, it would be interesting to see whether one can construct a supersymmetric version of GED.
We also note that the scalar field ϕ (mass potential) in the GED action is invariant under all the relevant symmetries, including Galilean boosts, the Bargmann U (1) σ and gauge U (1) Λ . Consequently we can add potential terms such as V (ϕ) since they preserve the symmetries 10 . It would be interesting to study the effect of these terms on the symmetries and couplings that we have found. Another generalization would involve adding higher spatial derivative terms, as seen in Lifshitz scalar field theories. Furthermore, one could examine Hodge duality and electromagnetic duality for non-relativistic electrodynamics, including the coupling of magnetic monopoles to GED.
We have seen in this paper that performing null reductions on relativistic theories is a powerful tool to obtain consistent non-relativistic theories and provides a simple way to derive the couplings to non-relativistic backgrounds. It would thus be interesting to apply this to relativistic fields of spin s (massive or massless) and Yang-Mills theories, and compare to the works [47, 48, 13] in which various non-relativistic cases are considered. For example (twisted) null reduction of N = 4 SYM plays an important role in the description of the boundary theory of 4-dimensional z = 2 Lifshitz space-times following [4] . In another direction, it would be interesting to add a Chern-Simons coupling to Einstein-Maxwell in five dimensions and determine the resulting terms in four-dimensional GED after null reduction.
Another extension of the present work is to consider the Proca theory. Using null reduction of the D + 1 dimensional Proca term µ 2 A B A B /2 it is not difficult to see that this adds the terms
to the action (6.7) of GED coupled to TNC. On flat TNC space this leads to the modified equations of motion
One could thus study how these terms affect the degrees of freedom and the symmetries of the theory. A further natural direction would be to consider the ultra-relativistic limit of electromagnetism, i.e. the Carrollian limit of Maxwell's theory (see e.g. [10] ). The equations of motions 10 We can also add a term like − follow again by appropriately scaling the fields, using Maxwell's equations (2.1) and the limit c → 0. In particular for the electric limit theory one takes A t = −φ and A i = ca i , leading to the equations of motion ∂ i (∂ t a i + ∂ iφ ) = 0 , ∂ t (∂ t a i + ∂ iφ ) = 0 (7.5)
where we note that the first equation coincides with the first equation of the non-relativistic magnetic limit (2.5). This limit can also be taken at the level of the Maxwell action leading to an action proportional to 1 2 (∂ t a i + ∂ iφ ) 2 . For the magnetic limit theory the fields scale as A t = −ϕ and A i = a i /c, leading to the equations of motion ∂ t ∂ i a i = 0 , ∂ 2 t a i = 0 (7.6)
It would be interesting to study the symmetries of these theories [49] , their coupling to charged matter, and the covariant coupling to curved Carrollian geometry (see e.g. [10, 50, 51] ). Finally, it would be interesting to apply our results to non-relativistic condensed matter systems, which could be relevant in situations where the electromagnetic field is a static electric or magnetic field, so that there are no electromagnetic waves. In this context, ChernSimons formulations of non-relativistic electrodynamics might be worthwhile to consider as well. It remains an intriguing open question whether GED is realized in concrete real-life systems.
